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O j Abstract. We present local estimates for solutions to the Ricci flow, without 

1} ■ the assumption that the solution has bounded curvature. These estimates 

1 lead to a generalisation of one of the pseudolocality results of G.Perelman in 

dimension two. 



1. Introduction 

In this paper, unless otherwise specified, a solution (M, g(i))te[o,T) to Ricci flow 
refers to a family (M, g(t))te[o,T) of smooth ( in space and time ) Riemannian 
manifolds which are complete for all t g [0,T) and solve §ig{t) = — 2Ric(g(i)). We 
do not require (unless otherwise stated) that the solution has bounded curvature. 

In the paper [12], G.Perelman proved the following fact: if a ball °B r (xo) in (M,<?(0) 
at time zero is almost euclidean, and (Af, g(i))te[o,T) is a solution to the Ricci flow 
with bounded curvature, then for small times t £ [0, e(n, r)), we have estimates on 
how the curvature behaves on balls t B er (xo). There are a number of versions of his 
theorem: see Theorem 10.1 and Theorem 10.3 in [12] for proofs and the definitions 
of almost euclidean. See [3] , [H] , [5] , [TO] and [I] for alternative proofs and related 
results. In dimension two, we show that a similar result holds under weaker initial 
assumptions. 

Theorem 1.1. Let 1 > a, a > 0, v , r > 0, N > 1 be given. Let (M 2 , (g(t)) te [o , T ) 
be a smooth solution to Ricci flow, Xq £ M , and assume that 

• vol -B r (x ) > v r 2 and 

• R(.9(0)) > on °B r (x ). 

Then there exists a a vq = vq(vq, a, N, a) > and a Sq — 5o(vq, a, N, a) > such 
that 

ft tj . \\ ^ r.Jl 



vol(*-B,. (1 _ CT) (a;o)) > v r 2 
R(9(t))>-^ on 'Br^txo 
|R(5(*))| < -p^i on '^(i-^Cxq) 



as long as t < (6o) 2 r 2 
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Remark 1.2. Notice that we do not require that a region be almost euclidean 
here ( see Thm. 10.1 and 10.3 of [12] for the definition of almost euclidean ). If 
the ball °i?i(a;o) is almost cone like ( that is, it is as close as we like in the Gromov 
Hausdorff sense to an euclidean cone and has R > — 2 ) then the Theorem (with 
?' = 1 ) still applies. This means that the interior of regions which are cone like in 
this sense will be smoothed out by Ricci flow in two dimensions, regardless of what 
the solution looks like outside of this region. Both of the Theorems of G.Perelman 
(Thm. 10.1, Thm.10.3 of [12]) do not apply to this situation. 

Remark 1.3. By scaling, it suffices to prove the Theorem for r = 1. 

Remark 1.4. It is not possible to improve the constant So in the estimate 
| Riem(g(i))| < to an arbitrary constant 8q > for a short time. This is 
because, solutions coming out of non-negatively curved cones exist which have cur- 
vature behaviour immediately like | where c > depends on the cone angle ( see 
P3] )■ In G.Perelman's first Pseudolocality result (Theorem 10.1 of [H]), where he 
assumes that a ball B r (y ) at time zero is almost euclidean, he showed that it is 
possible to obtain an estimate of the form | Riem.(g(t))\ < ~ on a smaller ball for 
arbitrary a at least for some short time interval depending on a, as long as the 
initial ball is close enough to the euclidean ball. Here close enough means, that 
(vol(9f2))™ > (1 — 5)cn(vol(f2)) n-1 for any f2 c B r (yo) where c„ is the euclidean 
isoperimetric constant, R > — -\ and 8 = 8(n,a) > is small enough. 

The second theorem is valid in three dimensions. In contrast to the above theorem, 
we need to have information on how the curvature is behaving (in time) in the balls 
we are considering in order to draw (stronger) conclusions. 

Theorem 1.5. Let r, v > 0, N > 1, 1 > cr > 0, V > be given. Let (M 3 , {g(t)) t e[o,T) 
be a smooth solution to Ricci flow with T < 1 and let xq € M be a point such that 

• vol°-B r (a;o) > i>or 3 and 

• K(g(0)) > on °B r (x Q ), 

• | Riem(c/(/j))| < £ on t B r {x Q ), for all t e (0,T). 

Then there exists a vq = vq(vo, N, cr, V) > and a 8 = 8(vq, N, cr, V) > such that 

• vol(*£?,.(x )) > v r 3 

• H(jg{t))>-^v on'B^^xo). 

as long as t < r 2 (c?o) 2 

Remark 1.6. By scaling, it suffices to prove the theorem for r = 1. 

Remark 1.7. As in the two dimensional case fTheorem ll.ll above). the regions which 
are considered are not necessarily almost euclidean at time zero. 

Remark 1.8. Related results were proved recently in a pre-print [B]. There the au- 
thors require that the curvature of the solution be uniformly bounded by a constant 
c on a ball for the times t £ [0, S) being considered. See [6j. 

Remark 1.9. The above results were first presented in Nov. 2011 at the H.I.M 
workshop in Bonn 'Geometric Flows'. 
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2. A LOCAL BOUND FOR THE CURVATURE ON REGIONS WHOSE CURVATURE IS 

BOUNDED FROM BELOW 

We use the following notation in this paper. Notation 

d(x,y,t) = d t {x,y) — d(g(t))(x,y) is the distance from x to y in M with 
respect to the metric git) 

d t (x) = d t (x,Xo) is distance from x to Xo with respect to the metric g(t) 
for some fixed xq. 

B r (x) := ball of radius r > 0, centre point x £ M measured with respect 
to {M,g(t)). That is t B r {x) := {y £ M\d t {x,y) < r} 

vo\( t B r (x)) := volume of t B r {x) with respect to the volume form d/it in- 
duced by g(t) 

Riem (<?(£)) (a;) = Riem(ir, t) is the Riemannian curvature Tensor of the met- 
ric g(t) at the point x £ M. 

1Z(git))(x) :— 1Z(x,t) is the curvature operator of (M,g(t)) at the point 
x £ M: K(x,t)(V,W) := Biem ijk i(x ) t)V ij W kl for 2-forms V,W (Riem iife/ 
is the curvature tensor of g(t) in local coordinates, and V = Vijdx 2 <g> dx J , 
W = Wijdx 1 ® dx*, and V km = Vijg H g mj , W km = M , ,y> ' a"' ) 
Kix,t) is the scalar curvature of (M,g(t)) at the point x £ M 

Let (M,g{t)) te [ 0- T], T < 1 be a smooth solution to Ricci flow. We wish to prove 
estimates on a ball of radius r at time t £ [0,T], assuming the curvature operator 
stays bounded from below on t B r (x) for all t £ [0, T] and the volume of t B r ix) is 
bounded from below for all t £ [0,T]. The estimates will depend on n, r and the 
bounds from below. A local result of this type was obtained by B.-L Chen in the 
proof of Theorem 3.6 of 0], under the assumption that the curvature operator is 
non-negative on all of (M,p(t)) tg [o,T)- A global result of this type was obtained in 
Lemma 2.4 in [IS] , and Lemma 4.3 [IB] 

In the proof of Theorem 3.6 of [I] by B.L-Chen, the author uses a point picking 
argument of G.Perelman before rescaling to obtain a contradiction to Proposition 
11.4 of [12] ( in the proof Lemma 2.4 in [15] , and Lemma 4.3 in [16j we used a 
more global point picking type argument of R.Hamilton and then also obtained a 
contradiction to Proposition 11.4 of [12] after scaling). The point picking argument 
of G.Perelman is more suited to this local situation, and so we use it in the following. 

The proof follows the lines given in the proof of Theorem 3.6 of 0] . A number of 
modifications are necessary. 

Theorem 2.1. Let r, v > 0, 1 > a > and (M n , g(i))t e ro,T) be a smooth solution 
to Ricci-flow which satisfies 

(a) vol(*B r (a:o)) > v Q r n , 

(b) Tl(x,t) > -4r for allt£ [0,T),x£ f S r (a;o). 
Then, there exists a N — iV(n., Do, o~) < oo such that 

(c) | Rem | < + ^ for all x £ 4 B r(1 _ CT) (x ), t £ [0, ^) n [0,T). 

Proof. By scaling, it suffices to prove the case r = 1. Assume that the statement 
is false. Then we can find solutions (M™, 5i(t))tg[o,r i ), Ti < 1, i G BJ, ( i ^ for 
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notational reasons: we shall use the symbol xq in a moment) and points x% £ Mi 
such that 

[a] vol(B 1 (x l ,t)) > v for all t £ [0,T 4 ), 

[b] K(x,t) > -1 for all t £ [0,r,),i£ t B 1 {x i ) 

and points ti £ [Q,Ti),Zi £ li B^i_ a -j(xi) such that ti < and 

TV 2 

|Riem(z l; t 4 )l >~^ + Nf 

with — > oo as i — > oo. Fix i e N for the moment and define M := Mi , 
x := x%, s := U, g(t) := g t (t), y := Zi, T = Ti, d t (x) := dist (a;, Xi) = 
dist(g(t))(x,x ), A = 2*k, s := and a = Nf. Then As < § and s < £ 2 and 
g solves RF on [0, T] with T < e 2 and | Riem \(y , s ) > f- + That is , we are 
in the setup of Claim 1 of Theorem 10.1 of [12], except he requires g be a RF 
on [0,e 2 ]. Examining the argument of Perelman, we see that we only need that g 
solves RF on [0,T] with T < e 1 , as the subsequent point picking argument only 
looks at times less than or equal to so (see the proof of Claim 1 of Theorem 10.1 
of 12). Also, we do not have d so (yo) < e: we have d SQ (yo) = d sa (xi, Zi) < (1 — cr). 
This causes no problem in the point picking argument, and merely leads to the 
term 2Ae + 1 — a appearing in place of 2Ae + e in the estimate (|2.1[) below. Using 
Claim 1 of Theorem 10.1 of |T5], we obtain new points yo £ M, sq satisfying 

so < s 

(2.1) d So (y )<2Ae+(l-a) (< 3) 

(2.2) |Riem(y ,s- )|>^ = ^ (> iV 2 ) 

so s 

and 

| Riem(x,t)\ < 4| Riem(y , s )| 

whenever | Riem(x, t)\ > j, t < s (< s ) and d t {x) < d So (y~o) + A\ Riem (y 0; so). 

Hence a version of Claim 2 of Theorem 10.1 of [TJ] is applicable. We follow the first 
part of the argument of B.Kleiner/ J. Lott in the proof of Lemma 32.1 of the Arxiv 
version of their paper |10j . This gives us 

|Riem(ir,i)| < 4| Riem(y , s"o)| 

whenever 

so — -j^Q 1 < t < s (**) and 

(2.3) d t (x) < d So (y ) + AQ-i (*), 

where here Q :— Riem(yo,so). Note (*) just says: x £ t B^ ^_ ^ +A q-^ (xo). Now 

we modify the rest of the argument of B.Kleiner/J.Lott given in the proof of Lemma 
32.1 of the Arxiv version of their paper [TU] in order to obtain a product region 
on which the curvature is bounded. Notice that we do NOT have a < 77^- > and 

— 100n 5 



therefore modifications are necessary. We claim that 
whenever sq — MqQ^ 1 < t < sq 
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where Mo is a fixed large constant. We assume in the following that Q and 
A are large (a lot larger than Mo). Let x G Sa B , (xo). As long 

d 5 (yo) + YaAQ 2 

as (going backward in time) x € -B . i (xq), we have I Riemfa;, t)| < 

4Q. Choose r = ^AQ"^. Then note that t B r (x) C '.B^ )+Ag _i Oo) by 

the triangle inequality and hence |Riem(-,i)| < 4Q on t B r (x) ( note t B r (x ) C 
t B _ -i(xo) trivially, and hence |Riem(-,f)| < 4Q on t B r (xo) also ) . Us- 

ds (yo)+AQ 2 

ing Lemma 8.3 (b) of [12] we see that 

d , , w ., _ „, .„2_ 1 



Hence 



2 1 i i 

dt(a;o,a!)-ds (a!o,a;) < MoQ-^n - 1)(-4Q— + M^" 1 ^ 



3 ^M 2 ' 

< fcllAQ^ + 2(n - l WiA-'Q-i 

Mo 

16(n- 1) An i 
M 



where we have used that A » Mo, and \t — sq\ < MoQ 1 . That is 

16(n-l) , _ i 

m5 ^ 2 

1 , 16(n-l) 



16(n — 1) 

d t (x) < ds {xo,x) H — AQ" 

M 



< 4o (W>) + Y5^" 5 + Mo 

<4 (yo) + ^AQ-5 

and hence x & t B (xo). Hence, x <^ l B , s n , i (xn) will not be 

violated for so — MoQ -1 < t < so, as claimed. 

Now assume ds {x,y~o) < j^AQ~i ( i.e. x G t _i(yo) ) an d s — MoQ -1 < 
t < s o- The triangle inequality implies that 

d 5o (x,xo) < d So {x, y ) + d So (x ,yo) 

< +*o(fib) 

and hence 

16*5. i(y )C s "B, i ,(x )C t fl 1 i fx ) 

( as we just showed ) and hence |Riem(x, i) < 4Q in view of (|2.3[) . That is 
| Riem(-, t) < 4Q on 5 °B , _i (y ) for all s - MoQ" 1 < t < s Q . Further more, for 

10 A Q 2 

such x and t we have x € t B 1 1 (xo), as we just showed, and using (12.11) . 

2AQ 2 +d So (y ) 

we see that 

-AQ-i + ds (y ) < ^AQ-i +2Ae+{l-a) 

< I + i + ( i-<,) 
<a-f>. 
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which gives us that x £ t B^_^(xo), and there we have that 1Z > — 1. Note we 
have used here that Q > Nf ( follows from the inequality (|2.2[) ) and the definition 
of A and e. Using the Bishop-Gromov Lemma [A. II in the Appendix, we also see 
that 

vol( t B a (x))>v(a,v )s n 

for such x and t and all s < in view of the fact that vol(*i?i(a;o)) > vq. Taking 
x = y G So Bj_ x(y ) we get 

10 ' 

vo\CB s (y )) > v{a,V )s n 
for all s < jq and sq — MqQ^ 1 < t < so- 
Defining Zi :— yo,U :— sq and substituting a = Ni and so on back into the above 
we get 

|Riem(x,i)| < 4Q, 
TZ(x,t) > -1 

whenever 

ii - MqQ- 1 <t<U 
(2-4) d u (x,z t )<^AQP 

where Qi := | Riem £^ ) | > Nf and A, = We also have the volume estimate 

vol(*B a (2j)) > w(a,w )s™ 
for all s < ^j, tj - M Q _1 <t <i t . 

Rescaling the solutions by Qi and shifting time by ti we get solutions to Ricci flow 
with 

|Riem(x,i)| < 4 
K(x,t)>-±- 

whenever 

-M < t < 

in view of the definition of A,; = ^p-. After scaling, the volume estimate is 

vol( t B s (z i ))>v(a,v )s n , 

for all s < - jip-j — MoQ -1 < i < as this is a scale invariant quantity. Qi — > oo as 
i — > oo since Qi := | Riem(^, > iV? , as one sees from (|2.2p . Let us denote these 
rescaled solutions also by (Mi, gi(t)). Hence the bound from below for the curvature 
operator goes to zero as i — > oo. Taking the pointed limit of a subsequence as 
i — > oo ( see Theorem 1.2 of [9] ) of (Mi,gi(t), Zi)te(-M ,o] > we see that the limiting 
solution, denoted by (il,po, h(t)) te /_ Mo,oh has non-negative curvature operator, 
is complete, has bounded curvature |Riem(x, t)| < 4 at all times and points in 
the limiting manifold, has |Riem(po,0)| = 1 and lim^oo vo1 ^ ^S P °^ > v > ( 
note : v — v(a,Vo,n) > does NOT depend on M ). We repeat the procedure 
for larger and larger Mq, Mo — > oo to obtain, after taking a pointed limit of 
a subsequence, a solution (Q,po, /i(t))t e (_ 00j o], which has non-negative curvature 
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operator, is complete, has bounded curvature |Riem(x, i)| < 4 at all times and 
points in the limiting manifold, has |Riem(po,0)| = 1 and linv-^oo vol ( MrHsJ} > 
v > 0. This contradicts Proposition 11.4 in [T^] of G.Perelman. □ 

Examining the proof, we see that a bound from below on 1Z is sufficient to obtain 
an estimate. 

Theorem 2.2. Let V, r, vq > 0,1 > a > and (M n ,g(t))t e mx) be a smooth 
solution to Ricci-flow which satisfies 

(a) vol(*B r (a:o)) > v Q r n , 

(b) K(x,t) > for all t £ [0,T),x G t B r {xo). 
Then, there exists a N — N(n, V, vq, a) < oo such that 

(c) | Riem| < ^ + ^ for all x e ^(i-a) (x ),t € [0, ^) n [0,T). 

Proof. In the use of the Bishop-Gromov estimate in the proof above, we obtain a 
different constant. Also, the bound from below on TZ is now 7Z > —V. Otherwise 
the proof remains unchanged. □ 

3. A CUT-OFF FUNCTION AND IT'S PROPERTIES 

In the next section we use a cut off function with certain nice properties. We define 
this cut-off function here and examine some of it's properties. 

Lemma 3.1. There exists a smooth cut off function tp : [0,oo) — > Rq with the 
following properties. 

(i) < Lp < 1 

(ii) ip{r) = 1 for all r < 1, ip(r) — for all r > 2 
(hi) tp is decreasing: ip' < 0. 

(iv) ip" > -200ip, {tp') 2 < 200tp, 

(v) \tp'\ 2 < 20(V5 for some constant < C < oo. 

Proof. To construct a cut-off function with the properties (i)-(iv) stated is standard. 
In fact we obtain tp > — Wtp, {tp') 2 < lQtp in place of (iv). Define tp = ip 4 . 
Then tp satisfies properties (i)-(iii) trivially, and tp' = (tp 4 )' = 4tp 3 tp' . Then, 
\tP'\ 2 < 16tp 6 {tp') 2 < I6tp 7 < mOtp 4 = 160ij). Also,(?A') 2 < 16^ 6 (<y3') 2 < I60<p 7 = 
160{tp 4 )i = WOtpi < 160-0? = 160^ in view of the fact that tp<l. tp" = {tp 4 )" = 
{4tp 3 tp')' = I2tp 2 \tp'\ 2 + 4tp 3 tp" > -40{tp 3 )tp = -400. □ 

Lemma 3.2. Let A, B > 0. We may choose a cut-off function satisfying 

(i) < tp < 1 

(ii) tp{r) = 1 for all r < A, tp(r) = for all r > A + B 

(iii) tp is decreasing: tp' < 0. 

(iv) / > -k (A,B)tp, 3 {tp') 2 < k {A,B)tp, 

( v ) W | 2 < ko(A, B)<p2 for some constant < ko{A, B) < oo. 

Proof. By shifting and scaling: Define tp{r) := tp( ! —g^ + 1) where tp is the function 
appearing in the above Lemma. Then tp has all of the desired properties □ 
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Construction of a cut-off function on a Riemannian manifold which is 
evolving by Ricci flow. 

Now we construct a cut-off function similar to that constructed by G.Perelman 
(see proof of Theorem 10.1 in [12]) and similar to that used by B.-L. Chen in [4|. 
Assume that we have a solution to Ricci flow (M, ff(i))tg[o,T)- We do not assume 
that the curvature is bounded uniformly on some region for all t € [0, T) as in the 
argument of B.L-Chen in the proof of proposition 2.1 in [4]. Instead we assume a 
uniform estimate of the form 

(c) | Riem | < ^ on l Bx (x ) for t G [0, S) 

for some S < y^j, S < T. Note: The radius of the ball | is chosen for convenience. 
If we replace j by a > 0, then all constants occurring in this section also depend 
on a. This estimate combined with Lemma 8.3 of [T3] guarantees that the cut-off 
function we construct will satisfy estimates which are sufficient for the arguments 
in the following section. 

Let ip : [0, oo) — > Rq be one of the cut-off functions defined above with A < 1. 

Let r (t) = Vt and K(t) = f. Then | Ric(x,i)| < (ra - 1)K whenever d(x,x ,t) < 
ro(t) for all t < S in view of (c). Hence, using Lemma 8.3 of [12], we have 

j t <k{x) - Ad t (x) > -(n - l)( 2 -Krv + r^ 1 ) 

--(.-!>%!> 

in view of condition (c), where this inequality is valid for points {x, t) where d t {x) — 
d(xo,x,t) is differentiable and t < S, and d(xo,x,t) > ro(t) = \ft. Note that for 
t < Jqi the last condition is satisfied for all x outside of 'Ba(io). The right hand 
side is integrable. 

That is, 

^-(d t (x) + 4(n - l)(co + l)V~t) - A{d t {x) + 4(n - l)(^c + l)V~t) 
at 3 

> (n-lX|0D + l) > Q 
V~t 

for such points. Let us denote the constant appearing here as mo = mo(co,n) = 
(n — l)(|c + 1). Let k(x, t) = ip(d t (x) + 8m Vt). Using the above information, we 
obtain the following evolution inequality for k 

(3.1)(^ - A)fc = ^ ■ - A)(d t + 8m Vt)(x,t) - (ip") < <p'^ + k oV 



where fco = ko(A,B) comes from the above Lemma, Lemma 13.21 Note that 
ip(dt[x) + 8rriQ\/t) — for all x £ 1 'Ba(xq) and t < 10 ^ m ii and hence tp' = 

for all points x inside t BA(xo) as long as t < 1( ^ m '2 , and hence the above evo- 
lution inequality (|3.ip is valid for all x G M and all t < 10 ^ m ii ( we assume that 
mo >> 1 ) as long (x,t) is a point where dt(x) = d(xo,x,t) is differentiable. Hence 
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h(x,t) :— e~ 2kot k(x,t) satisfies 

(| - A)h(x,t) < e- 2fc °y^= - k e- 2kot h(< 0) 

for all x and all t < a , as long as d(xo, •,•) is differentiable there. We collect 
the definitions and observations made above in the following. 

Proposition 3.3. Let (M, <7(i))t£[o,T) &2/ a solution to Ricci flow and ip be one of 
the functions appearing in Lemma \3.2\ We assume that 

(c) I Riem I < 2i on l Bi (x a ) for t e [0, S) 

/or some 5 < j^, S < T. h : M ^ R is the function h(x,t) := e- 2fc °%(d t (a:) + 
8moV^)) where d t {x) := dt(xo,x), andxo is a fixed point in M andm® = mo(co,n) = 
(n - l)(|c + 1), fe = k (A, B). For t < j^i, we have 

(^-A)h(x,t)<0, 

as long as d(xo,-,-) is differential at {x,t). h = for all d t (x) > (A + _B) and 
/i = e- 2k(,t for all d t (x) < A — 8m Vi and h(x,t) < e~ 2kat < 1. 

4. A LOCAL RESULT IN TWO DIMENSIONS 

In this section we restrict ourselves to the two dimensional case. We consider a 
ball of radius r in a two dimensional manifold which has curvature operator and 
volume bounded from below by known constants. We show that a ball of smaller 
radius will smooth out quickly at least for a short time. The rate of this smoothing 
depends on the bounds from below and r. 

Theorem 4.1. Let (M 2 , <7(i))te[o,T) be a smooth solution to Ricci flow and let 
xq 6 M , N, vq, r > and 1 > <r, a > 0. Assume that 

• vol°-B r (iro) > v^r 2 and 

• R( 5 (0)) > on °B r (x ), 

and 1 > a > 0. Then there exists a vq = t>o(vo, o", N,a) > and a (5 = <5(vo, 0\ ^ ol) > 
smc/i £/iai 

• vol(*S r (xo)) > wot" 2 

• R(ff(f)) > ^ ^d^.Cxo). 

• |R(ff(t))| < t4« on ' S (i-^(^o) 

as Zong as t < (Sq) 2 . 

Remark 4.2. In Theorem 3.1 of [3] B.-L. Chen proved the following similar result: 
if we assume the above conditions with r = 1 but replace the lower bound on the 
scalar curvature by the condition that |R(<7o)| < 1 on °B2(xq), then |R((/(£)| < 2 
for all t <G [0,T(n,vo)) on a smaller ball. This a version of G.Perelman's second 
Pseudolocality result, Theorem 10.3 of [T^] in dimension two. Note that in this 
case, the curvature bound and volume bound from below guarantee that balls of 
radius r < R — R(n,e,Vo) which are sufficiently small satisfy the almost euclidean 
condition vo\(°B r (x )) > (1 — e)r 2 . 
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Proof. By scaling, it suffices to prove the theorem for r — 1. W.l.o.g. u > 4. By the 
Bishop-Gromov volume comparison principle we have vol(°-B s (xo)) > c(N, i>o)s™ for 
all s < 1. In particular vol(°i3 i (xn)) > vq(N,vo) > 0. For some maximal time 
interval [0, S max ), < S max < T we have (due to smoothness) that 

(a) R>-(N + 2a) on (x ) 



(b) vol(*fl i (x ))> 



Note that (b) implies (6) : vol(*Bi(x )) > 5o( ^'" o) > trivially. 

Our aim is to obtain an estimate from below for the time S max which only depends 
on N, vo, a, a (n = 2 is fixed here). According to Theorem 12.11 above . we have that 

(c) |R| < Ca(io f'°' a) on '£i(x ) 

forte [0,S m ax)n [0,S(N,v ,a,a)) =: [0, S(N,v a ,a,a)) 

for some constant Cq = Co(^V, v a , a, a) = Cq(N, Vq, a, a). In the rest of the proof 
we often shorten time intervals [0, S(N f Vq, a , a)) to [0, S(N, vq, a, a)) where < 
S(N, v ,a, a) < S(N, vo,cr, a). We will denote S(N, v ,a, a) also by S(N, v , a, a). 

Claim (i) The scalar curvature is bounded from below by — (N+a) on *B( 1 _ cr )(xo) 
for t < S where S — S(v 0} a,a 7 N) > 0, as long as t < S max - That is, (a) is not 
violated for t < S as long as (b) still holds. 

proof of Claim (i): We modify the argument of B. -L.Chen given in the proof of 
Theorem 3.6 in [4]. Let / := /iR where we have chosen ip in the definition of h of 
Proposition l3.3l to be a smooth function with ip(r) — for r > (1— ?)> an d <p(r) = 1 
for r < (1— S). Note that too = wo(co, n) = too(co(«Oi N, ct, a), 2) = too(uo, cr, a, N) 
in this case, where Too is the constant appearing in Proposition l3.3l . In the following 



A —(1 — — ) 

we assume without loss of generality, that t < — 100m ^ > so that Proposition 
is valid. 

Using the evolution inequality for h and the evolution equation for R we see that 
at any point (x, t) where R(x, t) < and d(xo, •, •) : M X [0, T) — > K is differentiable 
we have 

^(/iR+V*)-A(/iR+Vi) 
at 

= R(| - A) (ft) + ft(| - A)(R) - 2g{Vh, VR) + ^ 
(4.1) >2h|Ric| 2 -2.g(V/i,VR) + — ^ 

If (x,i) is a first time and point where (h(x , t)K(x , t) + y/i) = —(N + §) then the 
gradient term at (x, i) can be estimated as follows. 

2 IV/il 2 
-2 5 (VRVft) = --.g(V(Rft), Vft) + 2R l — -L 
ft ft 

>-^-(^i 4 

>-fflft-2C(a) 
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where in the last line we have used that |Vd| = 1 and \(p'\ 2 < C(A, B)(p* with 
B = j, A= (1 — §). Now using this inequality in (|4.1|) we get 

— (hR + y/i) - A(hR + y/i) > 2h\ Ric | 2 - ^-h ~2C+—= 
at n 2y/t 

> 

at the point (x,t) in question, since (h(x , t)R(x , t) + y/i) = —(N + %) guarantees 
that R(x, t) < 0, as long as d(xo, •, •) is differentiable at (x, t) and t < S(v n ,N, a, a). 
Hence, in view of the maximum principle, we see that hR + y/i > for all t < 
S(N,a,vo,a) as long as t < S max ( for the case that (x,t) is not a point where d 
is differentiable, then the argument is still valid, as we explain in Claim (iii) at the 
end of the proof). In particular, this shows that R > — (N + ^f-) for x € *Bi_ cr (xo) 
as long as t < S(N,a,Vo,a) (possibly a smaller S) and t < S maxi in view of the 
definition h(x,t) := e~ 2kat (ip(dt(x) + 8rriQ\/t), which is close as we like to one on 
'£>i_ CT (xo) for t < S(N,a,vo,a) small enough. 

This finishes the proof of the Claim (i). 

Claim (ii) 

The volume condition (b) is not violated for a well defined time interval, as long as 
(a) holds. Let x,y € t B^(xo) then d(x,y,t) < d(x,Xo,t) + d(y,Xo,t) < and 
hence any shortest geodesic between x and y must lie in t Bi (xq) (proof: If it didn't, 
smooth out the union of the two radial curves (measured with respect to g(t)) going 
from x to xq and then back to y of length ^gg • This would result in a curve of length 
less then Any curve which starts in t B i (xn) , reaches d t Bi(xo) and finishes 
in t B i (xn) must have length larger than or equal to Hence, if a minimising 
Geodesic between x and y leaves Bi(xo) we obtain a contradiction). Hence using 
the estimate of Hamilton (see Theorem 17.2 of [7J and the Editors' comment thereon 
in [2] or, alternatively, see Appendix B in [TB] ) and the fact that (a) and (c) hold 
on t Bi (xq), we get 

-(N + 2a)d(y, x, t) > ^d{y, x, t) > 

for all s < t < mm(S max , S(N,v , a, a)) x, y € *-B_i_ (x ), 

where r > %d > m is meant in the sense of forward difference quotients ( see 
Theorem 17.2 of 7 ). Note Ci(co) = ci(vo,a,N,a). Integrating in time we get 

e -(if+ci){t—)d( Xo ,x, s) > d(x, y, t) > d(x, y, s) - 2a\/i 

for all s < t < min(S' max , S(N, v , a, a)) x, y € (x ) 

Arguing as in Corollary 6.2 of [16], we see that vo1(*£>_^l_ (x )) > jv for all t < 
S(N, v , a, a) ( we have possibly decreased S once again here) as long as t < S max - 
That is the volume condition is not violated for the time interval [0, S(N, tr, vo, ex)] 
(as long as t < S max ). 

In particular we see that the second condition (b) will not be violated for some 
well defined time interval [0, S(N, a, v ,a)] (as long as t < S max )- This finishes the 
proof of Claim (ii) and of the theorem if we accept Claim (iii) below. 
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Claim (iii) If dt(-) is not differentiable at x € M then wc use the trick of E.Calabi 
(PQ) as follows. Let yo be a point on a shortest geodesic between xq and x which is 
very close to xq- By smoothness, we can find a small open neighbourhood P of (x, t) 
in M x (0, T) such that d(yo, - ,s) is differentiable at y for each (y, s) g P. We define 
ds{y) = d(xa,yo, s) + d(yo, y, s). Then d s (-) is differentiable at y for all (y, s) € P. 
Furthermore, > <i s ( - ) for all (y, s) € P due to the triangle inequality. Since 

ip is non-increasing, we therefore have k = ip(d + ttiq^/s) < (p(d + moy/s) = k in 
P and per definition k(x,t) = k(x,t) if is the point given at the beginning of 
the claim. Also , if we pick yo very close to xq we still have 

— (d t (x) + moVi) - A(d t (x) + m Vt) 

VCln 

> — ^ > 0. 

" 2y/t 

where here mo is the constant appearing in Proposition 13.31 Hence we may argue 
with h(y,s) := e~ 2k ° s k(y, s) everywhere above. If for example (x,t) is a first time 
and point where (h(x, t)H(x, t) + s/i) = —(N + %) , then (x,t) is a first time and 
point for which the function (h(x, t)K(x, t)+yi) = —(N+^) on the set P and hence 
we may argue as above with (h(x , t)R(x , t) + y/i) replaced by (h(x,t)R(x,t) + \/t) 
( note that without loss of generality R < on P, since R(x, t) < and hence 
h(y, s)R(y, s) + Vt> h{y, s)R(y, s)+Vt> -(N + f ) on P n {(y, s)\s < t}). We 
must also consider the case that d^(x) is not differentiable in time at the time t 
we are considering. In this case, all the estimates are still valid if we understand 
the inequalities ^<i t (x) > m or -^dt(x) < m in the sense of forward difference 
quotients: see 0. At times s < t very close to t ( (x 7 t) as above ), we have ( due 
to smoothness ) 

A(h(x, s)R(x, s) + y/s) > -e, 
\\7{h(x,s)R(x,s))\ < e 

where e is as small as we like. Remembering that h(x, t) > 0, we see that the term 
— « ^ . g(V(R/t), Vh)(x, s) which is zero at (x, t) is also as small as we like for s < t 
very close to t. Hence, examining the proof of Claim (ii) again, we see that 

d ~ 

— (h(x,s)R(x,s) + yG) >0 
at 

in the sense of forward difference quotients for s < t close to t. 

In particular, using Lemma 3.1 in in j8], we see that h(x,t)R(x,t) + y/i > -(iV+f), 
which is a contradiction. Hence, there is no such (x,t). 

□ 



5. A LOCAL RESULT IN THREE DIMENSIONS 



In this section we restrict ourselves to the three dimensional case. We first consider 
a ball of radius 1 in a three dimensional manifold which has curvature operator and 
volume bounded from below by known constants at time zero. For later times we 
assume a bound on the curvature of the form | Riem(g(t))\ < ^ on the time t ball 
of radius 1, where N depends on the curvature bound from below. We show that 
the curvature can not become too negative too quickly on smaller balls. 
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Theorem 5.1. Let vq > and N > 1 be given. Let (M 3 , (g(t))te[o,T) be a smooth 
solution to Ricci flow with T < 1, and let xq £ M be a point such that 

• vol°_Bi(xo) > Vq and 

• \Riem(g(t))\(x) < f for all t G (0,T) /or a/Z x G '-81(^0) 

Then, for all 1 > er > t/iere exists 8 = 6(vq, N, a) > and vq = vo(N,vo,a) > 
such that 

• vol(*Bi(aj )) > v 

• 72-(sr(*)) > -1 on'B^^ixo). 

as long as t < (So) 2 

Proof. By the Bishop-Gromov volume comparison principle we havevol(°B s (a;o)) > 
c(N, v )s n for all s < 1. In particular vol(°B _^_(x )) > v (N,v ) > 0. 

For some maximal time interval [0, S max ), S max < T we have (due to smoothness) 
that 

(a) K > -1 on 'B (1 _ CT )(x ) 

(b) vol(*B_L(aj )) > f ■ 

V / v 1000 \ // z 

Our aim is to obtain an estimate from below for the time S which only depends on 
vq and N (n = 3 is fixed here). 

For convenience we denote the constant by £q '■— j^m- 

Claim (i) The scalar curvature is bounded from below by — 2eq on t B^i-^(xo) 
for t < S where S = S(vq,(7, N) > 0, as long as t < S max . 

proof of Claim (i): This is proved using the same argument as that given in the 
proof of Claim (i) in the proof of Theorem 14.11 above. 

This finishes the proof of the Claim (i). 

For convenience we introduce a < j3 < 7 to be the eigenvalues of 1Z as in Hamilton. 
Then R = a + (3 + 7 and | Ric | 2 = ±(a 2 + (3 2 + + a/3 + cry + /3j). 

Claim(ii) a + 2K > — 2eq on '-B(i_<i)(a!o) as long as t < S max and t < S(N,a,vo). 

Remark: A local result of this type was first shown by B.L-Chen under the extra 
assumption that the Ricci curvature remains bounded on l Bi(xo): see Proposition 
2.2 in [1] ( for a related result see Lemma 4.1 of 

proof of Claim (ii): 

Let L(V, V) = Riem(F,F) + 2R Id(V,V), P(V, V) = hL{V,V) + e (l + (= 
h(Riem(V,V) + 2R Id(V,V)) + e) for 2-Forms, where we have chosen now ip to 
satisfy ip(r) — 1 for all r < (1 — ^) and ip(r) = for all r > (1 — y) in the definition 
of h in Proposition We shall only be concerned with points where h 7^ 0, and so 
we may use freely the results of Claim (i) for t < S(N, vo,cr). We do so, sometimes 
without further comment, k = k(N,o~,vo) is a large constant which we shall choose 
later in the proof. 
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Also we have introduced the notation e = e(t) = eq(1 + —). For the time intervals 
we are considering, we have eo < e(t) < 2eq, as we shall assume that t < f£. 

In all of the following arguments (also for the proofs of claims (iii),(iv) and (v)) 
we shall be calculating the evolution of the curvature in the setting of [8]. That 
is, we are using the trick of K.Uhlenbeck. In particular, the metric G a b(x) := 
gij(x,t)u l a (x,t)u J b (x,t) is the pullback of the metric g(x,t), and it is time indepen- 
dent: -^G a b(x) = 0. Id here is the operator on two forms given by Id(V, W) :— 
G ab G cd V ac W b d- In particular Jj( Id(V, W)) = for a time independent vec- 
tor field. The connection,* V, is the pullback connection of . We still have 
f Af(x) = A g ( t )/(x) for smooth functions / : M — > M (the left hand side is the 
laplacian with respect to the pullback connection and the right hand side is the 
laplacian with respect to g(t)). We also have *V Id = 0. See [5] for details. Once 
again we consider only t < 10 ^ m ^ = rho( cr ) N, vq) so that Proposition [373] is applica- 
ble. Then P(V, V) = h(a + 2R) + s for a 2-form V with length one which minimises 
P at any point in space and time. We first estimate the reaction term coming from 
the evolution equation for L. At the end of the proof we explain how to deal with 
the reaction diffusion equation for P (in particular the gradient terms). In Lemma 
4.1 of [15] it is shown (with e := 1 there ) that the reaction equation for L = a + 2R 
is given by 

d 

— (a + 2R) = a 2 + ^ + 2(a 2 + p 2 + 7 2 + a/3 + a 7 + /3 7 ) 



In case (3, 7 > , or (3, 7 < (which implies (3j > 0) we get 

^-(a + 2R) > a 2 + 2(a 2 + ft 2 + 7 2 + af3 + 07) 



= 'ia 2 + 2f3 2 + 2 7 2 + 2af3 + 2a 7 

> (a 2 + 7 2 + /3 2 ) 

> (a + 2R) 2 

" 1000 V ; 

in view of Young's inequality. In case /3 < 0, 7 > ( which implies that a(3 > 0) 
we get by applying Young's inequality a number of times 

d 

— (a + 2R) = a 2 + £7 + 2(a 2 + /3 2 + 7 2 + a/3 + a 7 + ^7) 



dt 



> 3a 2 + 2/3 7 + 2a 7 + 2/3 2 + 2 7 2 ) 

> 2a 2 + 2/3 7 + 2/3 2 + 7 2 

>\{a 2 +p 2 +1 2 ) 

> — (a + 2R) 2 
- 1000 v ' 



At a first time and point (y, s) where h(a + 2R) = — e, we must clearly have that 
a < ( otherwise — e = h(a + 2R) > which is a contradiction ). Let V be a 
2-form with length one such that P(V, V) = 0. We have 

^P(V, V) > (AP)(y, s)(V, V) - 2{g i ^ j h){y, s)(V t L)(y, s)(V, V) 

+ - n ^h(y, S )(L(y, S )(V,V)) 2 + k 
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in view of the above reaction equation for L. 

We estimate the gradient term in the above as follows 

2 \X7h\ 2 
- 2gV\7 j hV i L(y,s)(V,V) = -——^VjhViHy, V) + 2L(y, s)(V, V) 1 —^- 

= 2L(y,s)(V,V)^ 

L 2 , s, / x 4000 , m ,4 

(5-1) >-^(y,s)h(y, S )-2C 

where in the last line we have once again used that |V/i| 4 < C((j)h 3 . Hence we 
obtain 

(5.2) §1 P{V ' V) >(&P)(y,s)(V,V)-2C + k 

at (y, s), which leads to a contradiction if k is chosen appropriately (here n = 3). 
Hence P remains non-negative in the time interval considered. In particular, using 
the definition of h , we see that h(a + 2R) + e (l + ~) > implies 

a + 2R + 2e > 

on (xo) for f < S(N,VQ,a) ( possibly a smaller 5 1 now ) as required. 

This finishes the proof of Claim (ii). 

Claim (iii) The volume condition (b) is not violated for a well defined time interval 
t < S(N,v ,a), as long as t < S max . 

The proof may be taken from Claim (ii) in the proof of Theorem 14.11 above, with 
two changes: we use 1Z > —1 on in place of R > —1 and we use the assumption 
that |Riem(flr(f))| < f on '£1(2:0) 

This finishes the proof of Claim (iii). 

Claim (iv) The curvature condition (a) will also not be violated for a well defined 
time interval [0, S(N, vq, a)) as long as t < S max . The proof of this claim is initially 
similar to that of Claim (i) and Claim (ii). In order to estimate the gradient term 
we require some different arguments. 

Define e(t) := e (| + Let Y := hTZ+ (^ + etR) Id ( note here: et = e{t)t 

), where h is a cut-off function coming from Proposition 13.31 with <f(r) = 1 for all 
r < 1 — § and (p(r) = for all r > 1 — f • This is a local version of the tensor 
appearing in Lemma 5.2 of [15J . k = k(N,a,Vo) is a large positive constant which 
shall be chosen later in the proof. We wish to show that Y remains larger than 
zero for t < S(N,a,vo) in t B(i_^{xo) as longs as t < S m ax- Assuming we have 
a first time and point (y,s), y G *B(i_^.)(xo) and a two form V of length one 
where Y(y, s)(V,V) — 0, then we must have h(y,s) > 0, otherwise Y = ha + 
(etR + jjjg) = (etR + y^) > — 4e es + > for s < S(N, v ,a) small in view 
of Claim (i) , which is a contradiction. Henceforth, we shall only be concerned with 
points where h > and so we may freely use the results of both Claims (i) and 
(ii) for t < S(N,vq,(t) in view of the definition of if we have chosen here. We 
do so, sometimes without further comment. We assume that fr* < jrSrr so that 
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< £ < 2eo- First we examine the reaction term occurring in the evolution of 
the tensor hlZ+ ( + etR) Id. Afterwards we explain how to deal with the reaction 
diffusion equation occurring here, in particular how to estimate the gradient terms 
and the zero order term which appears at the end of this estimate. For convenience 
we introduce a < (3 < 7 to be the eigenvalues of 1Z as in [7] . Then R = a + f3 + 7 
and I Ric | 2 = \(a 2 + (3 2 + 7 2 + a/3 + 07 + (3j). It is shown in [7] that the reaction 
equation for a is given by J^a = a 2 + /3 7 . We have an evolution inequality for 
h given by j^h < Ah for t < k and hence the reaction equation for h may be 
estimated by J^ft. < for t < S(N,v 0l a). This means that the reaction equation 
for ha at a point in space and time where a < and 7 > may be estimated by 



d 

Tr-ah > ha 2 + h(3-f 
at 

> ha 2 + ha-f 

= ha 2 + (ha + ^ + rtR) 7 - + etR) 7 . 
If 7 < then > 7, /3, a > — 2eo in view of Claim (i) and hence we have 

d 

— ah > ha 2 + h(3j 
at 

> ha 2 

> ha 2 + ha-f - 10 

= ha 2 + (ha + JL + rf R) 7 - (JL + et R) 7 - 10. 
The reaction equation for ( yj^ + eiR) Id is 

HT T7^+ rfR = T +eR+2et Ric 2 + — - 

driOO AOOti 4ti 

k 

> +eR + et(a 2 + ft 2 + 7 2 + a/3 + 07 + /3 7 ), 

500^ 

for £ < S^iV, vq, a), in view of Claim (i). Combining these three inequalities we get 
d s s 1 



+et[-R-/ + a 2 + /3 2 + 7 2 + a/3 + a 7 + £7] + 

ha 2 + (ha + ^ + etR)-f 

1 k 

+e[R - 7—] + et[a 2 + (3 2 + a/3] + 



800ti 



100 J J 800if 

(5.3) > ^ + (ta + ^ +£ tR) 7 + £ [R-7^] + ^ 

Assuming we have a first time and point (y, s) where Y(y, s) = 0, y G t -B(i_jpi)(a:o) 
then we must have h(y, s) > as we explained at the beginning of the proof of this 
Claim. At (y, s) we have a(y, s) = -£(«e(«)R(y, s)+ E M) < i( 4s£ ( s ) £o )_ 1 £M) < 
( in view of Claim (i)) and hence the reaction equation of Y = ha + etR + y|— 
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may be estimated by 



!(a*+(JL+rfR)) 



e Ik 

> ha 2 + (ha+ — + etR)j + e[R - 7—] H T 

v 100 100 J 800^3 

1 , fc 



efR-7 1 

1 'l00 J 



sootl ' 



in view of the estimate (|5.3I) . where we have used that Y(y, s) = 0. [— tkq7 + R] = 



r (a+/3) , _99_ 
L 100 "r" 100 "J — L 100 1 

Claim (i) and (ii). Hence 



R] > Ii 



100 



R 



R] > liol" + 2R ] ~ TM £ o > -10e in view of 



dt 



-Y > 



h(y,s)- 



Now we examine the reaction diffusion equation. Using the estimate on the reaction 
equation above, we see that at time (y, s) in direction V where Y(y, s)(V, V) = 



0_ 

dt 



-Y(V, V) > (AY)(y, s)(V, V) - 2(g^V j h)(y, s)(V^)(y, s)(V, V) 



1 k 
(5.4) + h(y, s )-a 2 (y,s) + -— r 

* 801^4 

We estimate the second term (the gradient term) of the right hand side of this 
inequality: 

-2(ff«V J -h)(y,«)(V i 7e)(y,s)(V;V) 

2 : g^V j hV i (TZh)(y,s)(V ) V)+2a(y,s)^- 



h(y,s)- 

■ j£~^9 ij Vjhfa s)W l [TZh+^ld + etR Id] (y , s) (V, V) 

| Vfe| 2 2es 
h h{y,s) 



+2a(y,s) 1 -^- + T7 — x gV(V i RV j h)(y,s)(V,V) 



= 2a(y, S )^ + 1 *^ g V(y i JlV j h)(y,3)(V,V) 

1 IV/1I 4 2es 

> --a 2 (y, s)h(y, s) - 2 L pMy J s) - j^—^ |V Riem \(y, s)\Vh\(y, s) 

(5.5) > -\a 2 {y, s)h(y, s) - C(a) - t^t|V Riem \(y, s)\Vh\(y, a), 
4 h{y,s) 

since |V</j| 2 < ipiC{a) . Using the estimates of Shi, see [7] Theorem 3.1, and the 
fact that I Riem|(x, t) < y, we see that |VRiem| 2 < where c = c(N,a) . Wc 
explain this in more detail, x £ t B^ 1 _^.)(xo) implies t B J ^ m (x) C t Bi(xo) for the 
we are considering. We work in the ball 1 B ^ (x) , and we have | Riem(-,i)| < 
there. Scale so that 4 = 1. Note that |Riem| < 2N for t E (^,1] after scaling, 
so distances change in a controlled manner near time 1. This allows one to find a 
parabolic region of the form g ^B r (x) x [— r 2 , 1] for some r — r(<7, N) > close to 
one on which | Riem | < 2N . Now we may use the estimates of Shi, see [7] Theorem 
3.1, at t = 1, and then scale back to t ( this completes the explanation of the 



N 
t 



18 MILES SIMON 

estimate |VRiem| 2 < ^ ). Using |VRiem| 2 <f^,we get 

Notice that we must have h(y,s) > ^Iq - If not, then 

ha + (esR + JL)M > -h\ Riem | - ^ + ^ 

>-fc|Ri em | + |L 

> Nep Eq_ 

- iV500 400 

> 0, 



( at (y, s) ) if s < S(N,vo,a) 1 which is a contradiction ( here we have used again 
— and e(s)sR > — ^ 



that | Ricm(g(i))| < y and e(s)sR > — ttSt for s < S(N, tr, v ) small enough in view 



of Claim (i) ). 
Hence 



1>: " |VBiem|(y, S )|V/i|(iM) < \Vh\(y,s) 



< V- 

h(y,s)s2 
AccNzeq 



< 



hi(y,s)s2 
4{500N)iccNh 



3 





ceJc(500iV) 2 



where we have once again used that |V/i| 4 < Ch 3 . 
Substituting this inequality into (|5.5I) . we obtain 

3 

(5.6) - 2g i ^ j hS7iH(y, s)(V, V) > ~]a 2 (y, s)h(y, s) - C - c£ o c (50(W) 2 

4 .« 4 



Substituting the inequality (15.61) into (|5.4I) we see that 
-Y(y,s)(V,V) > (AY)(y,s)(V,V) 

if k = k(N,a,vo) is chosen large enough. This contradicts (y, s) being a first time 
and point where Y is zero. This implies that Y remains larger than zero for a well 
defined time interval [0, S(N, vq,<j)) as long as t < 5 mnl . 

Using the definition of ip (which is used in h) we see that 

2e 

a > 2etR > -4e iV > -1 

" 100 " 

on t B^ 1 _ a - ) (xo) for t < S(N,vo 1 a) as long as t < S max . Here we have used 
\R(;t)\t<N. 
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That is, condition (a) will also not be violated for a well denned time interval. That 
is Smax > S(n, N, vq) > 0. This finishes the proof of Claim (iv) and the proof of 
the theorem if one accepts Claim (v) (note that (b) also holds) . 

Claim (v) If dt(-) is not differentiable atigM then we use the trick of E.Calabi 
([!]) as explained in the proof of Claim (hi) of the proof of Theorem 14.11 

Hence we may argue with h(y, s) := e~ 2k ° s k(y, s) everywhere above. If for example 
(x, t) is a first time and point where (h(TZ + 2R Id) + e Id)(V, V) = , then (x, t) is 
a first time and point where (h(lZ + 2R Id) + e Id)(V, V) — , at least locally ( see 
the proof of Claim (hi) of the proof of Theorem 14. II for further details ). Arguing 
as in the proof of Claim (hi) of the proof of Theorem 14. II . we see that such an (x, t) 
cannot exist. 

A similar argument holds for the tensor in Claim (iv) of this proof. 

This finishes the proof of Claim (v) of this proof and the proof of the theorem. □ 

Appendix A. A simple consequence of the Bishop-Gromov volume 

COMPARISON PRINCIPLE 

Here we explain a simple consequence of the Bishop-Gromov volume comparison 
principle. 

Lemma A.l. Let (M,g) be a smooth complete Riemannian manifold without 
boundary and B £ (po) C Bi(xq) C M. Assume that 

• vol(£?i (xo)) >vq>0, and 

• Ric > —N 2 on Bx(x ) 

for some constants N,vq > 0. Then there exists a constant v{e, N, vq, n) > with 

vo\(B E ( Po )) > v(e,N,v ,n) > 0. 

Proof. Let 7 : [0, r] — > a Bi- E (x ) be a geodesic ray in M with d(-f(s), j(t)) = \s — t\ 
from xq to po with 7(0) = xo,^(r) — po, r < (1 — e). Let p\ by the point on the 
geodesic which is closer in to xq: p\ :— j(r — j^). From the Bishop-Gromov 
volume comparison principle, we get 

vol(B A (p )) > cvol(S £ (p )) 
>cvol(%( Pl )), 

for some constant < c = c(N,n) < 1, since Ric > —N on Bi(po) by assumption, 
and B^_.(pi) C B e (po) C B\{xq) by the definition of p\ and the triangle inequality. 
Repeating this process a maximum of — times (each new point pi on the geodesic 
is exactly distance closer to xq than Pi-i) we arrive at the inequality: 

vol(fl A (po)) >c^vol(S^(x )). 
Using Bishop-Gromov again, we get 

vol(i?a(po)) > (^)Vc^ volOB^o)) > (^) n c 2 c™v 
as required. □ 
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